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Abstract: In single-frequency precise-point positioning of a satellite, ionosphere delay is one of the most impor-
tant factors impacting the accuracy. Because of the instahility of the ionosphere and uncertainty of its physical 
properties, the positioning accuracy is seriously limited when using a precision-limited model for correction. In 
order to reduce the error, we propose to introduce some ionosphere parameter for real-time ionosphere-delay es-
timation hy applying various mapping functions. Through calculation with data from the IGS( International GPS 
Service) tracking station and comparison among results of using several different models and mapping func-
tions , the feasibility and effectiveness of the new method are verified. 
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1 Introduction 
In single-frequency Precise-Point Positioning ( PPP) of 
a satellite , ionosphere delay is one of the most impor-
tant factors that influence the positioning accuracy. 
Thus to assess the ionosphere delay accurately is key to 
improving the precision of single-frequency PPP. At 
present, the methods used for correcting the ionosphere-
caused errors include half-closed model, single-layer 
model, Klobuchar model, and grid model[l-•l. Since 
there are many factors that influence the ionosphere 
and each factor has its randomness, the conventional 
models cannot describe the mutual relations, variabili-
ty , and internal mechanisms of these factors compre-
hensively. As a result, by using these models one can-
not achieve very high precision in the estimation of ion-
osphere delay[>.•l. In the present study, we analyzed 
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the characteristics of conventional ionosphere-mapping 
functions and delay functions, and propose to reduce i-
onosphere-caused errors in real-time estimation by u-
sing different mapping functions in which the iono-
sphere delay is solved as some undetermined parameter 
in the observed equation. We tested the new scheme on 
data from WUHN (Wuhan station) and BJFS (Beijing 
Fangshan station) and compared the results of correc-
tion with the traditional single-layer, Klobuchar, and 
grid models. 
2 The ionosphere-parameter estima-
tion model 
2. 1 The mathematical model 
Half-closed models ['l are generally used in single-fre-
quency PPP. After eliminating satellite-orbit error, sat-
ellite-clock error, hardware delay, troposphere delay, 
and relativistic-effect error, the observation is represen-
ted by the equation 
C, =p: +c • d.t, +d.,. +s(C1 ) 
c, + tP, 
2 
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(1) 
where, C1 is the C/ A code pseudo-range observa-
tion, 4>1 is the Ll phase observation ,p; is the geometric 
distance between station and satellite , C is the speed of 
light,dt7 is receiver clock ,dion is the ionosphere error ,A 
is Ll carrier wavelength ,N1 is an ambiguity parameter, 
and & ( C1 ) , & ( <1>1 ) are observation noises. 
In Equation ( 1 ) , the ionosphere error is conven-
tionally corrected with an ionosphere model [ 1 - 3 l . How-
ever, these models cannot describe the inter-factor re-
lationship , variability, and internal mechanisms of the 
affecting factors in the ionosphere comprehensively, 
and thus considerable residual remains after the correc-
tion. The correction effectiveness of single-layer model 
is about 50%. With the Klobuchar model, it is 50% 
- 60% in mid-latitude range, but significant poorer in 
low- and high-latitude regions due to changes of iono-
sphere activity. Even with the grid model, which is the 
best of the current correction models , it can only reach 
70% - 80% [s -Io]. The limited accuracy of ionosphere-
correction models has seriously affected the accuracy of 
single-frequency PPP. Here, we propose to construct i-
onosphere parameters by using different mapping func-
tions and to make real-time estimation of the iono-
sphere-delay error, in order to minimize its effect on 
positioning accuracy. 
2. 2 Ionosphere-mapping functions 
Usually the ionosphere delay is mapped to the zenith 
direction, using an ionosphere-mapping function relat-
ed to the puncture point, and the estimated TEC (Total 
Electronic Content ) of the GPS propagation paths is 
nahrralized to geocentric zenith direction by using map-
ping function, and then, ionosphere delays are calcu-
lated according to the VfEC. The commonly used 
mapping functions are as follows : 
1 ) Trigonometric-type Single-Layer Model ( SLM ) 
mapping function 
Based on the single-layer model, the most conven-
ient mapping function is the trigonometric function 
F(Z) [71 : 
. Z' R . Z 
sm =R+ftm (2) 
F(Z) =-1-, = 1 
cosZ v'l - sinz Z' 
(3) 
where R is the earth 's radius, H is the single-layer 
height, Z is the station-satellite zenith, and Z' is the 
satellite zenith of the puncture point. 
2) Broadcast satellite-orbit mapping function 
Klobuchar proposed the following mapping function 
used for GPS-broadcast ionosphere model [7 ] 
F(E) = 1. 0 + 16.0 x (0. 53 -E)' (4) 
F(h) =1.0+0.516x(1.6745-h) 3 
where E and h are the satellite's elevation angle in u-
nits of 11" and radian, respectively. 
3 ) Modified mapping function of SLM ( MSLM) 
In order to reduce the difference in TEC between the 
above two ionosphere-mapping functions, the Center 
for Orbit Determination in European (CODE) modified 
the SLM mapping function of the single-layer model , 
and the MSLM is['l : 
1 1 
F(Z) = cosZ' 
,J1 - sin2 Z' 
(5) 
where sinZ' = R ~Hsin ( aZ), R = 6371 km, H = 
506. 7 km , Z is the observed satellite zenith distance , 
and =0. 9782. 
4) Ionosphere " slab" mapping function 
JPL(Jet Propulsion Laboratory) used a" slab" mod-
el to establish the following " slab " mapping func-
tion[3J : 
( ) ~-Yc',1""'""-'( z_,,._r'--) =+_Y..,.,.,~c-(_z '--' r,_) ~Y1...,-""-'-( z--''~r ).__~ F z T -= 
' -Y.""(o,oo) +Y.,~(O,oo) +Y~mre,(O,oo) 
(6) 
where Y""" (z, r), Y.,., (z, r), Y"""' (z, r) represent, 
respectively, the degrees of contribution to the whole i-
onosphere of the " slab " layer and of the upper and 
lower parts of the ionosphere , z is satellite-zenith dis-
tance, and r is the station-to-satellite distance. 
In addition, Clynch[IO] used the least-squares fitting 
to solve the Q-factor mapping function, Ou Jikun[IIJ 
proposed an ionosphere mapping function which can a-
dapt to changing values of elevation -angle in subsec-
tions, and Cohen[ 121 put forward a three-parameter es-
timation of delay functions. 
The SLM , broadcast satellite-orbit, and MSLM map-
ping functions are developed based on the single-layer 
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ionosphere model. They are simple , but in practice it 
is difficult to detennine the single-layer height proper-
ly. The ionosphere 11 slab 11 model constructs mapping 
functions which can convert slant TEC into vertical 
TEC ; these functions are related to satellite elevation. 
This model is hard to build. 
2. 3 Ionosphere-delay functions 
When using one parameter, the estimated ionosphere 
delay can be expressed as : 
(7) 
where F is the ionosphere-mapping fnnction, d::th is an 
unknown parameter. 
When using two parameters, the delay fnnction is : 
I= FAd1on + FEdfon (8) 
where A is the satellite azimuth , E is the satellite ele-
vation, and d1ou and d~on are unknown ionosphere pa-
rameters. 
Cohen[lOJ used three-parameter estimation for the de-
lay function : 
I= ( 1 + sinq>' )]1 + cosq>' cosA' C11 q>' sinA 'S11 (9) 
where q; "' , A • , respectively, represent the longitude 
and latitude of the foot Galileo point in the sun conju-
gate coordinates, and ] 1 , C11 ,811 are unknown parame-
ters introduced to estimate the ionosphere delays. 
Different ionosphere-delay parameters indicate differ-
ent decompositions of ionosphere mapping. By using 
one parameter, we can only map ionosphere delay to 
the zenith direction ; by using two parameters , we can 
map it, to satellite elevation and azimuth direction ; 
and by using three parameters , we can map it to the 
feet Galileo point in three orthogonal directions. 
2. 4 The mathematical model for ionosphere· 
parameter estimation 
To use parameter estimation for ionosphere delay is to 
introduce the ionosphere parameters and position pa-
rameters together in the positioning calculation. At a 
station, the ionosphere delay can be expressed as an 
unknown parameter in a mathematical model as fol-
lows: 
where I is the ionosphere delay, with specific forms 
given in equation (7), (8) and (9). 
3 Examples of analysis 
By using data from IGS continuous operation stations 
WUHN and BJFS on January 1 , 2005 ( WUHNOOlO. 05 
o and BJFS0010. 05 o ) together with the single-
frequency PPP software , developed by ourselves , and 
the station coordinate published by lGS website as the 
true value , we carried out a precision analysis. In this 
experiment, the ionosphere parameters are estimated 
once per epoch, its variance is 0. 001 , the positioning-
parameter variance is 0, the ambiguity-parameter vari-
ance is 0, and the receiver-clock-parameter variance is 
30. 
3. 1 Comparison of model corrections and param-
eter estimates 
In order to compare the results of parameter estimation 
and direct model correction, we made correction calcu-
lations with data from the Wuhan and Beijing stations, 
by using: 1) the single-layer model, 2) the Klobuchar 
model, 3) the grid model; and 4) the three-parameter 
model, as well as the mapping function given in equa-
tion(9). 
We calculated coordinates for each epoch after con-
vergence, and compared them with the true values. 
The residual errors of WUHN and BJFS in X, Y, Z di-
rection are shown in Figures 1 and 2 , and the precision 
statistics are given in Table 1. 
In Figures 1 and 2 aod Table 1 , we may see: 
1 ) When using the models to correct ionosphere de-
lay, the accuracy of single-layer and Klobuchar models 
are comparable, and the grid model is better. Com-
pared with single-layer and Klobuchar models, the grid 
model improves the accuracy by 64% and 61% in X 
aod Y directions, respectively, with no chaoge in Z di-
rection at WUHN; at BJFS, the accuracy is 79% and 
14% better in X and Z directions, respectively, but is 
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Figure 1 Residuals in X, Y, Z directions with 4 schemes at WUHN station 
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Figure 2 Residuals in X, Y, Z directions with 4 schemes at BJFS station 
Vol.2 
Table 1 Mean and RMS of experimental results compared with true values under 4 schemes ( unit: m) 
name plan Mean(X) RMS(X) Mean( Y) RMS( Y) Mean(Z) RMS(Z) 
0.381 0.385 0.234 0.236 0.097 0.098 
2 0.380 0.380 0.262 0.262 0.112 0.112 
WUHN 
3 0.136 0.136 0.095 0.096 0.107 0.107 
4 -0.027 0.028 0.023 0.024 0.109 0.109 
0.210 0.210 -0.106 0.107 -0. 162 0. 162 
2 0.207 0.208 -0.080 0.081 -0. 145 0.145 
BJFS 
3 0.043 0.043 -0.159 0.160 -0. 139 0.139 
4 0.011 0.013 -0.082 0.082 -0.082 0.083 
slightly lower in Y direction. in X direction is improved the fastest. At WUHN , the 
improvement is 92% , and the RMS value is changed 
from 0. 385 m to 0. 028 m. At BJFS, the increase is 
93%, and the RMS value is changed from 0. 210 m to 
0. 013 m. In Y direction, there is an increase of 0. 2 m 
at WUHN, and 0. 08 m at BJFS. In Z direction, there 
is no increase at WUHN but an increase to 0. 08 m at 
2 ) When parameter estimation is used , the accuracy 
is better than model correction. At WUHN, the im-
provements are 92% and 91% in X and Y directions, 
respectively, but there is no significant improvement in 
Z direction. At BJFS, the improvements are 93% and 
50% , respectively, in X and Z directions, but in Y di-
rection the improvement is the same as Klobuchar mod-
el, but much better than the single-layer and grid mod-
els. 
3 ) While using parameter estimation , the accuracy 
BJFS. 
Overall , the parameter-estimation method is better 
than the grid-model correction, which in turn is better 
than the corrections by single-layer and Klobuchar 
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models. 
3. 2 Comparison of different ionosphere-delay pa-
rameters 
We calculated coordinates for each epoch after con-
vergence, and compared them with the true values, 
and acquired the residual errors of the data from WU-
HN and BJFS in X, Y, and Z directions (Figs. 3 and 
To compare the influence on single-frequency PPP by 
using different ionosphere-delay parameters , we used 
the following three sets of ionosphere delay and map-
ping function for analysis : 
4) ; the precision statistics are given in Table 2. 
From Figures 3 and 4 and Table 2 we see: 
1 ) 1 parameter ( Eq. 7) , MSLM ( Eq. 5) ; 
2) 2 parameters ( Eq. 8) , MSLM ( Eq. 5) ; 
3 ) 3 parameters ( Eq. 9 ) , ( Eq. 9 ) ; 
1 ) By choosing different parameters to estimated i-
onosphere delay , the improvements are different ; using 
three parameters is better than using two parameters , 
which in turn is slightly better than using one parame-
ter; 
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Figure 3 Residuals in X, Y, Z directions with 3 parameter estimation schemes at WUHN station 
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Figure 4 Residuals in X, Y, Z directions with 3 parameter estimation schemes at BJFS station 
Table 2 Mean and RMS of experimental results compared with true values under 3 
parameter estimation schemes ( unit: m) 
Plan Mean(X) RMS(X) Mean( Y) RMS( Y) Mean(Z) 
0.111 0.111 0.109 0.109 0.092 
2 0.098 0.099 0.079 0.080 0.105 
3 -0.027 0.027 0.022 0.023 0.109 
0.017 0.018 -0.104 0.105 -0.099 
2 0.049 0.050 -0.084 0.084 -0.097 
3 0.011 0.013 -0.082 0.082 -0.082 
RMS(Z) 
0.092 
0.105 
0.109 
0.100 
0.097 
0.083 
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2) By using three parameters , the improvements are 
7 em and 6 em in X and Y directions , respectively, 
with no change in Z direction , at WUHN. The im-
provements are 1 - 2 em in all three directions at 
BJFS; 
3 ) With the same mapping function , the positioning 
results are comparable when using one parameter and 
two parameters. This result shows that using a mapping 
function which accurately portrays the physical charac-
teristics of the ionosphere is basic to accuracy improve-
ment in ionosphere-parameter estimation. 
4 Conclusions and suggestions 
1 ) The complex physical characteristics of the iono-
sphere have limited the accuracy of model correction. 
In traditional model corrections , the grid model has the 
highest precision, and the single-layer and Klobuchar 
models have comparable precisions. In the single-fre-
quency PPP experiment, the improvements are 64% 
and 61% in X and Y directions , respectively, with no 
improvement in Z direction , at WUHN. The improve-
ments are 79% and 14% in X and Z directions, re-
spectively, but with lower accuracy in Y direction , at 
BJFS. 
2) When parameter estimation is used for ionosphere 
delay, the accuracy of single-frequency PPP is better 
than model correction by 92% and 91% , respectively, 
in X and Y directions with no difference in Z direction, 
in our example at WUHN. At BJFS, the accuracy is 
93% and 50% better in X and Z directions, respec-
tively; while in the Y direction, the accuracy of param-
eter estimation is the same as Klobuchar-model correc-
tion, but much better than single-layer and grid mod-
els. Also, the parameter-estimation method can make 
real-time estimate for ionosphere delay. 
3 ) When using parameter estimation to correct iono-
sphere delay, the accuracy is also influenced by choice 
of different parameters. Our results show that it is best 
to use three parameters for estimation, and that the ac-
curacies are comparable with one parameter and two 
parameters. The basic reason for this result is that 
when choosing different parameters the ionosphere-
mapping functions are different. Thus , using a precise 
mapping function is basic to correctly estimating iono-
sphere delays. 
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